Depending on the choice of couplings, homogeneous Heisenberg spin-1/2 ladders support different phases, including the topological Haldane phase, Z2-degenerate valence bond phases, and others. When fermionized via abelian bosonization, these variants assume the form of distinct and generally massive bulk phases of free Majorana fermions. We here show how the interfacing of competing phases sees the formation of additional boundary Majorana zero-energy modes (MZMs), phenomenologically similar to those forming at the interfaces of topological insulator quantum wires. A key difference is that, void of topological protection, the additional spin-ladder MZMs are generally subject to long range correlations and hence can be gapped out by local perturbations of the host spin system. However a key message of our work is that in practice they show a high degree of resilience over wide ranges of parameters which may make them interesting candidates for applications.
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Ladder materials provide an important viewport on the physics of strongly correlated electron systems. 1 They are close enough to being one-dimensional (1D) that various powerful theoretical techniques can be deployed in their understanding running the gamut from field theory [2] [3] [4] [5] and Bethe ansatz, 6 to density matrix renormalization group (DMRG). [7] [8] [9] However they are also far enough removed from 1D that they capture the physics of fully twodimensional systems. They are, for example, thought to incorporate much of the physics of the cuprates 1,5,10 and they can be understood as containing the seed for the appearance of non-abelian anyons. 11 In this letter we further demonstrate ladder materials' versatility by showing that they provide a means to generate interface MZMs, a problem of considerable current interest. 12, 13 We will focus here on ladders where the fluctuations of spin-1/2 degrees of freedom are dominant (i.e. SrCu 2 O 3 14 ) over ladders where charge degrees are mobile (i.e. Sr 14−x Ca x Cu 24 O 41 15 ). The phases of such spin ladders can be classified by combining standard Landau-Ginzburg (i.e. Z 2 ) symmetry breaking with an understanding of the presence of symmetry protected topological (SPT) order. 16, 17 In SPT phases symmetry fractionalization occurs on the boundaries, 16, 18 with associated boundary spin-1/2 degrees of freedom in SU(2) ladders, much like the AKLT spin-1 chain. 18 While the language of spins seem most natural in describing the ladders, we will instead exploit an alternative representation of ladders in terms of four non-interacting Majorana fermions. 2 In the presence of SU(2)-spin invariance, these fermions are organized into a triplet and a singlet. The ground state (g.s.) degeneracies that previously arose from Z 2 symmetry breaking and symme-try fractionalized boundary spin-1/2's are now converted into boundary MZMs. The different phases then admit classification under class BDI of free fermionic systems. 19 The appearance of MZMs is dictated by a combination of the Jackiw-Rebbi (JR) mechanism 20 where a change of sign of the fermion mass gives rise to a MZM and U (1) − S z spin conservation.
Two surprising findings arise from this recasting of the ladder into a theory of four Majorana fermions. The first is that additional g.s. degeneracies can appear in inhomogeneous ladders, where the spin-spin interactions vary spatially along the ladder. These degeneracies, in the fermionic language, are associated with new MZMs that appear on the boundaries between phases. This can occur even if all of the bulk phases composing the ladder do not support MZMs on their own. And as we will see, the scenarios under which MZMs appear are surprisingly rich. The second finding is that the MZMs only appear if the spatial variation of spin couplings about the boundary is sufficiently gentle. These MZMs are therefore not per se topologically protected. However we will present numerical evidence that the Majorana modes are close to zero energy over parametrically wide regions. We highlight some similarities and differences to MZMs realized in SPT quantum wires. 13 The Hamiltonians we consider here have the form H =J 
where S a ,r = σ a ,r /2 is the a = x, y, z spin-1/2 operator arXiv:1806.01925v1 [cond-mat.str-el] 5 Jun 2018 located on leg and rung r of the ladder. The exchange parameters J, J ⊥ , J × characterize leg, rung, and plaquette interactions, respectively.
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The phase diagram of the Hamiltonian (1) can be established via DMRG simulations, with results presented in Fig. 1 . The four phases (rung singlet, RS; Haldane, H; valence bond solid positive, VBS + ; and valence bond solid negative, VBS − ) are distinguished by whether triplet or singlet bonds form along the legs or rungs of the ladder. Each phase possesses the g.s. degeneracy enumerated in the first column of Tab. I as determined by DMRG. We specify this degeneracy as that due to Z 2 symmetry breaking times that due to SPT order. In the second column we give the g.s. degeneracy (i.e. the number of boundary MZMs) afforded by the unrestricted Majorana representation of the ladders (to be discussed in the following section). This latter representation generally offers greater g.s. degeneracy as it must be accompanied by selection rules (as we will discuss) restricting the Majorana Hilbert space. These rules 'hide' some of the predicted zero modes. The number of actual zero modes seen in homogeneous ladders is then given in the third column of Tab. I. We will show in what follows how to subvert the selection rules and 'reveal' these additional degeneracies through the study of inhomogeneous phases. This is reminiscent of topological order arising from topological triviality via the topological bootstrap 21 or the superconducting proximity effect. 22 To see how these extra degeneracies can be brought forth, we will first focus on a ladder containing three phases arrayed along its length: RS-VBS − -RS. This can be achieved by spatially varying J × and J ⊥ (see Fig. 2 ). Each phase separately supports no MZMs, as can be seen from the first column of Tab. I. If the variation of parameters is infinitely sharp (as in Fig. 2(a) ), the g.s. remains While inhomogeneous fermionic ladders have been considered previously, 23, 24 we emphasize here the emergence of hidden MZMs from selective combinations of different phases.
In Fig. 3 we present DMRG results that support our contention that the RS-VBS − -RS ladder has a doubly degenerate g.s.. As the length of the ladder tends to L = ∞, the gap clearly vanishes. Again we note that this result is sensitive to the softness of the boundary conditions. If J ⊥ and J × defining these phases vary too sharply, the g.s. remains unique. We see, however, that provided the scale of variation is on the order of one lattice site (i.e. δx ∼ 1), this gap vanishes rapidly.
Having demonstrated that we can obtain MZMs from gluing together topologically trivial phases, we move on to discussing a general framework by which we can understand this phenomenon. We start by bosonizing the Hamiltonian (1). Consider the spin operator S ,r at the point r = x/a 0 of the th leg, where the lattice spacing is a 0 . The abelian bosonized description involves splitting the operator into a smooth and staggered component, with these components expressed in terms of a bosonic field Φ together with its dual Θ : 2,25,26
Here λ is a non-universal constant related to the frozen charge degrees of freedom of a parent Hubbard ladder. 2, 25, 26 The Hilbert space of each boson is divided into sectors marked by the S z quantum number, and each sector has a state of lowest energy, denoted |S z . 27 Inserting (2) into the Hamiltonian (1), we arrive at the bosonic description of the spin ladder:
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where we drop marginal interactions. The couplings of the non-linear terms are related to the microscopic parameters through g ± ∝ (9J × /π 2 ∓ J ⊥ ) and g ∝ 2J ⊥ . The symmetric/antisymmetric combinations of the bosonic fields are defined by
The symmetric sector of (3), H + (Φ + , Θ + ), is described by an integrable sine-Gordon model. On the other hand, the antisymmetric sector H − (Φ − , Θ − ) is a sine-Gordon model perturbed by an additional operator, the cosine of the dual field.
Having bosonized and changed basis, we proceed to refermionize the theory. This allows us to identify MZMs in the spin chain. To do so, we introduce the fermions (carrying S z charge)
where κ ± are Klein factors that ensure the anticommutation of fermions of different species {κ a , κ b } = δ ab . We subsequently express the fermionic fields in terms of their real and imaginary components, at a low-energy field theory of Majorana fermions 2
Here the Majorana fermions are arranged into a singlet ξ 0 and a triplet ξ = (ξ 1 , ξ 2 , ξ 3 ), reflecting the SU(2)×SU(2) nature of each rung of the ladder, cf. Eq. (1). The masses of the singlet and triplet are given by
The representation (4) allows us to easily identify the phases of the ladder via the signs of the triplet and singlet masses (5) . Thus there are four phases in total: i) H
We have transformed the spin ladder (1) into a theory of four massive Majorana fermions (4) . Each of these has a localized boundary MZM if and only if its mass is positive. 26 This implies that our ladder will (naively) have anywhere from 0 (in the VBS − phase) to 16 (in the VBS + phase) MZMs. However, as we have already discussed, DMRG simulations show the g.s. degeneracy of each phase is half that expected by this counting (except for the VBS − phase where both this counting argument and DMRG finds a unique g.s.). The resolution of these additional degeneracies can be found in recognizing that the four Majorana fermions are not independent. There are, in fact, restrictions on the Hilbert space of the fermions that serve to 'hide' some of the MZMs. To see how this works we return to the bosonized description of the spin ladder. In particular we focus on the bosonization of each leg of the ladder. As discussed, the Hilbert space for each leg boson is divided into sectors marked by the S z quantum number. Supposing that each leg has an even number of sites, S z is an integer. We then recast the bosonic description in terms of symmetric and antisymmetric bosons, Φ ± and Θ ± . These also have S z ± quantum numbers determined by the S z sectors of the individual chains:
Immediately we see that the parity of S z + must match that of S z − , i.e. they are both even or both odd. This is true even in the presence of cos(Θ − ) in (3), which reduces S z − from a Z to a Z 2 quantum number.
Let us now consider how taking into account parity restricts the g.s. manifold. Take the VBS + phase, where m t , m s > 0. In the + sector the bosonic g.s. is 4-fold degenerate, with two states of parity 0, |0 + , |0 + , and two of parity 1, |1 + , |1 + . Similarly, the g.s. in the − sector is also 4-fold degenerate, with two states of each parity: |0 − , |0 − , |1 − , |1 − . The g.s. manifolds for each sector in each phase are summarized in Fig. 4 . 28 The gluing rules permit the following g.s. manifold:
States such as |0 + ; 1 − are disallowed because the + and − sectors have different parities. So, we see with parity restriction that the VBS + phase has an 8-fold degenerate g.s., not 16-fold, in agreement with DMRG.
As a second example, the H phase has m t > 0, m s < 0. The + sector has the g.s. manifold |0 + , |0 + , |1 + , |1 + , while in the − sector we have only |0 − , |1 − . Thus the permitted g.s. set is:
Having understood why extra degeneracies in the Majorana description disappear for homogeneous ladders, we now show how to return these forbidden MZMs to the physical Hilbert space by spatially arranging different phases. We thus return to our original example, the RS-VBS − -RS ladder. The RS phase, without its Hilbert space restriction, is doubly degenerate with ground states |0 + ; 0 − and |0 + ; 1 − . The second of these states is forbidden by the parity selection rule, but only in a homogeneous phase. To see this, label the three segments of the RS-VBS − -RS ladder a, b, and c. Its g.s. then has the form |a + , b + , c + ; a − , b − , c − where a, b, c = 0, 1 mark the possible parities of the segments. The parity rule still applies, but now to the system as a whole (provided boundaries between phases are smooth). Thus multiple segments give us more flexibility, and the following g.s. configurations are permitted:
Having two RS segments allows us to include the |1 − state twice without violating the (global) parity rule. We thus have the situation where each segment taken individually is non-degenerate, but when put together produce a system with a double degeneracy. These MZMs appear according to the JR mechanism where m s changes sign between the RS and VBS − phase. As a word of caution: the selection rule trumps the JR mechanism. A VBS − -RS-VBS − ladder has a unique g.s. despite a change of m s across the phase boundaries -see Appendix A.2.b.
The RS-VBS − -RS ladder is not the only ladder where the g.s. degeneracy increases when disparate phases are put together. Consider a RS-H-RS ladder: the g.s. of each RS phase taken alone is unique while the nontrivial SPT H phase is 4-fold degenerate. But when placed together the RS-H-RS ladder is 16-fold degenerate. 29 An important question here is how the inhomogeneous phases should be viewed from a SPT viewpoint. In the case of a RS-VBS − -RS ladder, we have a distinct SPTtrivial phase as defined in Refs. 30 and 31, i.e. it can be adiabatically connected to a product state without closing a gap but cannot be deformed to a pure RS or VBS − ladder without also closing a gap (provided the symmetries of the ladder are preserved). The MZMs thus provide a means here to distinguish two SPT-trivial phases.
How do the MZMs here compare to their cousins in SPT quantum wires? While they do not enjoy topological protection, it is fair to point out that, from a practical perspective, the same is true for other realizations. For example, the smallness of all relevant energy scales in semiconductor Majorana systems implies correlation lengths comparable to those of prospected devices. 13, [32] [33] [34] [35] [36] In this sense, MZMs are effectively correlated, including in SPT quantum matter. On this background, we hope that the material platforms addressed here might open new avenue to attaining Majorana states for applications in quantum information processing. 13, 37, 38 While we have focused in this letter on surprising appearances of MZMs in spin ladders, it is clear that similar considerations will apply to many quasi-1D models, in particular those that admit a bosonization treatment. This includes N-leg Heisenberg ladders, both those with an SU(2) spin symmetry 1, 8, 39 but also those with an SU(M ) symmetry, 3, 9, 40 models of coupled chains of itin-erant electrons 5,41 (we expect the presence of both spin and charge degrees of freedom to provide a particularly rich forum for the unexpected appearance of MZMs), and models of coupled Luttinger liquids. 42 The density matrix renormalization group (DMRG 44 ) calculations in this work were based on the QSpace tensor library. 45 This allowed us to fully exploit the underlying SU(2) spin symmetry, as well as to simultaneously target a range of low lying eigenstates. Given the simplicity of the model, rungs were considered as a single site in the DMRG calculations. This had the advantage that the J × term in Eq. (1) can be written as a plain nearest-neighbor interaction. In the main body of the paper we focus on ladders with an even number of sites along their length. This is particularly important for the VBS − phase. The VBS − phase spontaneously breaks translational symmetry in a valence bond crystal (VBC) like fashion. As a direct consequence, its local properties are very sensitive to the specific length of a finite size ladder. For periodic boundary Fig. S.1(a) ], even in the thermodynamic limit 1/L → 0. Much more remarkably still, at the same J ⊥ = 0 as in (a) for even length, the system see a degeneracy of the first singlet and triplet states [ Fig. S.1(d) ]. Furthermore, if a small rung coupling J ⊥ is turned on, the system develops a singlet-triplet gap whose sign depends on the sign of J ⊥ [Fig. S.1 
Non-uniform Ladders
For non-uniform ladders, we switch between phases by tuning the parameters J ⊥ , J × in Eq. (1) along the ladder, using the function
This represents a step that is smoothened over a width δx.
For a slab geometry A-B-A, with a sandwiched phase B in the middle of the ladder surrounded by phase A on either side, we tune the couplings J ⊥ , J × in Eq. (1) using the window function
which is non-zero over a stretch L c ≡ x + − x − with x ± = (L ± L c )/2 in the center of the ladder, and smoothed at the transition points over a width δx.
a. RS-VBS−-RS Ladders
A more detailed analysis of the RS-VBS − -RS slab geometry of Fig. 3 in the main text is shown in Fig. S.2 .
Here the size L c of the central region is varied w.r.t. to fixed L c mod 2 to analyse even-odd effects of L c for fixed (narrow) transition width δx [see legend with panel (c)].
For each system there is one blue line split off from the remainder of the data which thus shows exponential convergence of a pair of ground state singlets in an otherwise gapped system. For very small δx, the ground state doublet remains split in the thermodynamic limit [(b) ]. Yet when going to slightly larger δx leads to rapid convergence towards an exact ground state degeneracy [(d)].
b. VBS−-RS-VBS− Ladders
One might think that a VBS − -RS-VBS − ladder would also exhibit a g.s. degeneracy, as dictated by the JR mechanism, because there is a change of fermion mass at the two boundaries. However such a degeneracy is not possible because of our selection rules. Of the two possible ground states
only the first is allowed by our parity selection rule. We demonstrate that our DMRG computations are consistent with this in Fig. S.3 .
Appendix B: Bosonic Hilbert Space
The bosonic Hilbert space for a single spin chain can be understood as follows. The Hilbert space is divided into sectors marked by their total S z quantum number. We denote such states as |S z , S z = 0, ±1, ±2 . . . .
On top of this set of S z -states are states that are created by acting with the oscillator modes a −n , n > 0 that are found in the mode expansions of the bosonic fields. In a system of length R, the bosons Φ and Θ have the following mode expansions: 25
The constant term, √ 2π, in Φ(x, t) corresponds to the spin chain possessing open boundary conditions. With open boundary conditions on the spins, the boson Φ satisfies Dirichlet boundary conditions. We can see that setting Φ(x = 0) = √ 2π amounts to insisting that S ± at the edge of the system vanishes. This is discussed in detail in Ref. [25] . The operator Θ 0 is the zero mode for the field Θ(x, t). It can be considered as the position of the center of mass of the Θ boson (this degree of freedom is absent from the Φ boson as its boundary conditions at the edges of the system have been fixed) . Θ 0 is conjugate to theŜ z operator and has the following commutator:
Correspondingly we can see how to build the set of highest weight sets via relations of the sort:
The oscillator modes satisfy the commutation relations [a n , a m ] = nδ nm and so can be thought of as an infinite set of ladder operators where the a −n , n > 0 are the creation operators while the a n , n > 0 annihilate the states |S z . The full set of states of the Hilbert space then takes the form
i.e. products of the creation ladder operators acting on various |S z states.
Appendix C: Field Theoretic Origin of Splitting of Ground State Degeneracy in the Presence of Sharp Transitions Between Phases in the RS-VBS−-RS Ladder
It is clear in the lattice spin picture why the degeneracy of the two ground states in the RS-VBS − -RS ladder, 
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is broken. As pictured in Fig. 2 of the main text, it is only with soft boundary conditions that the exact position of the singlets of the VBS − phase along the length of the ladder is ambiguous (up to a single lattice spacing), thus leading to a two-fold degeneracy. However it is also useful to understand why the soft boundary conditions are needed for degeneracy in the language of the Majorana fermions. Nominally, the sharpness of the boundary is a local perturbation and local perturbations should not break the degeneracy of states involving Majorana zero modes that are spatially separated. The key to resolving this conundrum, as we will see, is that a perturbation that is local in spin operators will not necessarily be local in the Majorana language.
To be clear, we present in Fig. S.4 the possible configuration of the zero modes along the ladder for the two ground states of the RS-VBS − -RS ladder. The |gs1 state has no zero modes present, while the |gs2 state has four zero modes: one localized at each end of the ladder, and one at each of the RS-VBS − interfaces. The selection rule on the space of states here amounts to forbidding states with only two zero modes.
To see how sharp variations in the spin ladder parameters can induce a non-local perturbation in terms of the Majorana fermions, we first need to write all of the spin operators in bosonized/fermionic form. Each spin S ,r has a smooth k = 0 part, M ,r , and a staggered k = π part, N ,r [see Eq. (2 in the main text]. If we consider the even and odd combinations of the spin operators across a given rung M ±,r = M 1,r ± M 2,r ;
we can write these in terms of the operators of the four copies of the quantum Ising model forming the field theoretic representation of the spin ladder (a = 1, 2, 3):
The fermionic fields ξ b L,R (b = 0, 1, 2, 3) are introduced in the main text. For each of the four copies of the (fermionic) Ising theories [cf. Eq. (4)], we have associated spin and disorder fields, σ b and µ b respectively. It is crucial here that the operators σ b and µ b are non-local in terms of the fermions ξ b L,R . If the (fermionic) Ising theory is in its ordered phase (m > 0) there will be non-zero matrix elements of the spin field in the ground state manifold, while the disorder operator in this same manifold will be zero. That is gs#|σ j |gs# mj >0 = 0, gs#|µ j |gs# mj >0 = 0.
If instead the theory is in its disordered phase, m < 0, the situation is reversed: matrix elements of the disorder operator can be non-zero while those of the spin operator are identically zero gs#|σ j |gs# mj <0 = 0, gs#|µ j |gs# mj <0 = 0.
Let us now consider how the matrix elements above lead to a splitting in the ground state degeneracy. In a ladder that is either translationally invariant or has smooth variations (whose length scale is far greater than the lattice spacing), the smooth M and staggered N parts of the spin operators do not couple in the Hamiltonian (as such terms rapidly oscillate, averaging to zero under the spatial integral). Importantly, however, if the exchange couplings vary on the order of the lattice spacing, terms such as
can appear in the Hamiltonian. Using the operator product expansion σ · ξ L,R ∼ µ we then see that following terms appear in the low-energy effective theory
Both of these lattice terms (±) have the same operator form in the continuum. Now how does M ± · N ± lead to a splitting of the putative ground state degeneracy between |gs1 and |gs2 . The easiest way to see this is to notice that the singlet patterns of the states |gs1 and |gs2 in the VBS − portion of the ladder are shifted by one lattice spacing relative to one another. Moreover under a shift by one lattice spacing, the bosonic fields are correspondingly shifted as follows:
This means from the bosonic form of M ± · N ± that
where x is in the VBS − segment of the inhomogeneous ladder. As M ± · N ± ∼ µ 0 µ 1 µ 2 µ 3 , we moreover know these matrix elements are in fact non-zero for in the VBS − phase all fermion masses are negative. The RS-VBS − -RS ladder with rapidly varying couplings has terms in its Hamiltonian of the form
where the spatial integrals are confined to the boundary regions between the phases, averaging to zero otherwise. From the above discussion we expect that δH induces a splitting in energy of the two 'ground states' proportional to the coupling α at first order in perturbation theory. Thus sharp boundaries between phases in the spin model lead to a splitting of the degeneracy in the Majorana theory.
Appendix D: Details of TCSA Computations
In this appendix we consider the truncated conformal space approach (TCSA) treatment of the deformed sine-Gordon model
for open boundary conditions. Our aim is to establish the phase diagram in Fig. 4 . Here we are thinking of Φ and Θ as Φ ± = (Φ 1 ± Φ 2 )/ √ 2 and Θ ± = (Θ 1 ± Θ 2 )/ √ 2, the even and odd bosons that result from bosonizing the two chains of the ladders.
As the problem is non-integrable, we require a framework for studying the low-lying states in the spectrum of (D1). This is provided by the TCSA. The TCSA permits a non-perturbative description of perturbed conformal field theories (such as the sine-Gordon model and its generalizations) and was developed by Yurov and Zamolodchikov in a pair of seminal papers. 46 For a comprehensive review see [47] . It has been used to study sine-Gordon like models 48 and in particular the sine-Gordon model with open boundaries under both Dirichlet 49 and Neumann boundary conditions. 50 We do not provide a full analysis of the phase diagram presented in Fig. 4 . Rather we choose representative points in each phase to determine the corresponding g.s. degeneracy due to zero modes. We already know where the phase boundaries are (from our refermionization analysis) and we do not expect this degeneracy to change within a particular phase (as it is tied to the signs of the fermion masses and these do not change within a phase). The points we then will consider are (g, g ) = (g > 0, 0), (g < 0, 0), (0, g > 0), (0, g < 0). These then correspond to considering the cos(Φ) and cos(Θ) perturbations separately.
The TCSA treats the problem by considering cos(Φ) and cos(Θ) as perturbations of a free compact boson. It uses as a computational basis the Hilbert space discussed in Appendix B (after having taken appropriate even and odd linear combinations). This Hilbert space is infinite dimensional and so to allow one to proceed it must be truncated in some fashion. Typically this done in energy. The unperturbed (i.e. g = g = 0) energy of a state of the form
One can then truncate the Hilbert space by keeping all states whose energy E s falls below some cutoff energy E c . Typically one then increases the value of E c until convergence is obtained (i.e. the results are independent of E c ) or one can detect a trend in the numerical data as a function of E c so that one can extrapolate (even in principle) E c to ∞. There are a variety of ways of performing this extrapolation enhanced by analytical and numerical renormalization group considerations (see Ref. [47] for a discussion). Once one truncates the Hilbert space, the Hamiltonian is a finite dimensional matrix whose entries are determined by the unperturbed energies in Eq. (D2) (on the diagonal) and by matrix elements of the form s| cos Φ(x, 0) |s , s| cos Θ(x, 0) |s .
These matrix elements can be easily determined by using the commutators of the oscillator modes with the vertex operators e ±iΦ(x,0) , e ±iΘ(x,0) :
[a n , e ±iΦ(x,0) ] = ±i2 sin πnx R e ±iΦ(x,0) , [a n , e ±iΘ(x,0) ] = ±2 cos πnx R e ±iΘ(x,0) , together with the fundamental matrix elements of the vertex operators on the highest weight S z states:
Once the Hamiltonian matrix has been computed, it can be easily numerically diagonalized and the resulting spectrum extracted. For studying the cos(Φ) perturbation we will pursue the simple strategy of forming the computational basis by truncating the unperturbed spectrum for different values of E c and seeing whether we see g.s. degeneracies develop (or not) as E c is increased. However for the cos(Θ) study, we will alter the strategy somewhat. We have found that keeping a large, fixed number of highest weight states, | − S z max , | − S z max + 1 , · · · , |S z max while truncating at different levels the oscillator content works best. This then involves keeping states of the form |s = Ms i a −ni |S z ;
for different choices of N and S z max . It it similar to a truncation of states in terms of energy, but we do not count the contribution of finite S z to a state's energy. This strategy works here as the cos(Θ) perturbation connects states with different values of S z and so to some degree the problem is dominated by the physics of the boson's zero mode, Θ 0 , i.e. the problem is really a 0+1 dimensional one where the effect of the oscillator modes is to renormalize in a quantitative (not qualitative fashion) the underlying zero mode problem.
cos(Φ)-perturbation
We first consider the perturbation by g cos(Φ). If g > 0 we expect the g.s. to have a 4-fold degeneracy while if g < TCSA data for the energies of the three most low lying states for a pure g cos(Φ) perturbation with the coupling g > 0. We expect these three states to be degenerate in infinite volume (R → ∞) and with no truncation (N → ∞).
The first two of these states are degenerate carrying S z = ±1. The third carries S z = 0 and is the highest energy of the three in the presence of finite size and finite truncation. We present data for four different cutoffs N = 9, 13, 17, and 21 and system sizes R ranging from 2.5 to 14.5. We see that as N increases, the gap between these states and the g.s. decreases over a range of system sizes. This effect is most pronounced for large system sizes.
0 the g.s. should be unique. In Fig. S.5 we present our numerical data for the g > 0 case for the energies of the three lowest excited states. Here the g has been chosen so that the gap in the bulk of the system is 1. The excited states are labelled by the S z quantum number of the sector in which they lie. The first two states are found in the S z = ±1 sectors and are degenerate, while the third excited state is in the S z = 0 sector. We present data for a number of different energy truncations as marked by N , related to E c via
We plot this data as a function of the system's length, R. At small R we are in the UV limit and we expect the energy levels to behave as roughly 1/R. While we do not present data for very small R, we can see that this trend is observable around R ∼ 4 in the data for larger values of N . In an intermediate range of R (here roughly R = 4 − 6) we expect the low lying states in the system to have roughly the same energies as they would in infinite volume. At larger values of R, we expect the appearance of finite truncation effects (as E c ∝ 1/R, we see moving to larger values of R, the truncation of the theory becomes more severe). These truncation effects here manifest themselves as increases in the energies of the lowest lying states relative to the g.s. energy. We see this in the data for values of R in excess of R = 6.
Of course as N is increased, we expect the data at larger R to tend to return towards the values obtained in the . TCSA data for the energy of the first two (degenerate) excited states for a pure g cos(Φ) perturbation with the coupling g < 0. These excited states correspond to S z = ±1 solitons along our system. We have chosen the magnitude of g such that this soliton should have energy 1. We present data for four different cutoffs N = 9, 13, 17, and 21 and system sizes R ranging from 2.5 to 14.5. We see with increasing N the energy tends to its expected value of 1 over an increasingly wide range of R.
intermediate R region. And this trend we indeed do see in the data as well.
Overall the data presented in Fig. S .5 allows us to conclude that the system develops a 4-fold degenerate g.s. as asserted. We can clearly see in the intermediate region R = 4 − 6 that as N is increased, both the first excited state in the S z = 0 sector as well as the lowest lying states in S z = ±1 sectors are becoming degenerate with the S z = 0 g.s.
In Fig. S.6 we present the TCSA data for g < 0.
Here we have again have chosen the value of g so that the gap in the bulk of the system is 1. And because there should be no g.s. degeneracies in this case, we expect the energies of the first two excited states here to be degenerate and equal to 1. And this is what we see. In comparison to the g > 0 case, we see the region of R where the conformal (g = 0) UV physics dominates is larger, extending to R ∼ 6. But for R > 6 we see the energy of the first excited states approaches 1. As we go to larger R and see the effects of finite truncation, the energy of degenerate excited states dips below 1. But as the cutoff N is increased, we see the energy returns to 1, albeit slowly. This data is then consistent with the conclusion that for g < 0 the theory has a unique g.s.
cos(Θ)-perturbation
We now turn to the consideration of the g cos(Θ) perturbation. Unlike with the cos(Φ) perturbation, the degeneracy of the g.s. does not depend on the sign of g and so we will only consider the case of g > 0. In this case we expect a 2-fold degeneracy to the g.s.
We present our data in Fig. S.7 . We see that for R > 6 TCSA data for the energy of the first excited state for a pure g cos(Θ−) perturbation with g > 0 (the g < 0 case is identical). We plot the data for a fixed S z max = 6 (see text) while varying the oscillator mode content of the truncated Hilbert space from no oscillator modes (N = 0) to N = 11. We see the first excited state becomes degenerate with the g.s. for values of R > 4 as N is increased.
we exit the UV regime where conformal physics dominates and the gap to the first excited state vanishes. The region in R over which the gap vanishes increases as the cutoff N increases.
As we have said above, we here have used a modified cutoff strategy in computing this data. In setting a particular truncation of the Hilbert space we leave the number of highest weight states |S z fixed with S z max = 6 regardless of the value of N . We then vary N so allowing the oscillator content of the states built on top of this set of |S z -states to change. We see from Fig. S.6 that even if we consider a truncation of the Hilbert space that is pure highest weight states (i.e. N = 0), the results are not terrible -we find a gap that is less than 0.05 (remembering that the bulk energy gap has been set to 1 through our choice of g ). As we then consider truncations where states with some oscillator content (i.e. N > 0), this already very small gap is decreased to zero.
Appendix E: RS-Haldane-RS Ladder
In this section we consider an inhomogeneous ladder with phases RS-H-RS arrayed along its length. The arrangement of couplings along this ladder is pictured in the inset of Fig. S.8 . Keeping the labelling convention |a + , b + , c + ; a − , b − , c − for the possible states, we see the following 16 states are permitted by parity: Now simply because we can form 16 possible potential ground states consistent with the parity selection rule does not mean that all will be actual ground states. It could be that there is some O(1) energy cost to gluing together the different phases. However in this ladder all four Majorana fermions change sign at the RS-H boundaries and so we would expect (preliminarily) by the JR mechanism that we have a 16-fold degeneracy. As an example where we might not expect all allowed states to be ground states is in a H-VBS + -H ladder. Such a ladder has 320 potential ground states by the parity selection rule. However by JR in combination with the fractionalized spin-1/2's that sit at the ends of the ladder because of the positioning of the Haldane phase, we actually only expect an 8-fold degeneracy in the g.s..
We verify in Fig. S.8 from DMRG that indeed the RS-H-RS ladder has a 16-fold degenerate g.s. It is decidedly non-intuitive that we can increase the Haldane phase's g.s. degeneracy by a factor of four merely by placing it in between two SPT trivial RS phases. In the spin language it is however relatively straightforward to under-
